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is discussed The problem is proved to be reducible to obtain a two-variable all-
pass ration 1 function, interpolating a set of parametric values at specified
points inside the unit circle. A polynomial formulation and the properties of
the optimal Hankel norm approximations are then shown to result directly from the
general form of the solution of the interpolation problem considered. As a

4 consequence, the recursive Nevanlinna algorithm can be employed and the esi~eTitial
stability properties of the solution can be established with the help of the
Nevanlinna matrix (9). This short paper is meant to briefly summarize the work in
the full paper (8), where the reader is referred to for mor details.
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Abstract h(z) or equivalently Its Impulse response be given and

let g(z) be some rational approximation of h(z). Since
A two-variable approach to the modal reduction the coefficients of the Impulse response of a stable

pro:ie!- with Hankel norm criterion is discussed. The linear system are the Markov parameters of its transfer
prQ::e- is proved to be reducible to obtain a two- function, comparing two impulse responses amounts to
var:able all-pass rational function, interpolating aset comparing two Hankel matrices; the Hankel norm Is pre-
of Para-etric values at specified points Inside theunit cisely the spectral norm of the difference of these two
circle. A polynomial formulation and the properties of matrices and it has a close relationship with other
the optimal Hankel norm approximations are then shown conventional norms (6]. The problem of the optimal
to result directly from the general form of the solution approximations can then be stated in two different forms
of :'e interpolation problem considered. As a conse- (6],[7],[8I:
que :

0
, the recursive Nevanlinna algorithm can be em-

plotea and the essential stability properties of the a) for a preassigned tolerance, how to obtain a
solj j:n can be established with the help of the minimal order approximation of h(z)
Neva-l;nna matrix (9]. This short paper is meant to b) for a given order, how to obtain the min;.al
braef!l- surrarize the work in the full paper [8], where norm approximation of h(z)
the readr is referred to for more details.

In:r:uct ion Clearly, the above two problems are intimately related.

It turns out that the problem of optimal approxi-In 17e, Adarelant Arov and Kren th) have obtained mations in Hankel norm can be globally approached andvarious Powerful results related to the theory of bounded solved via a twovariable polynomial formalism 181.
Han4el operators, which have great significance in the
moael reduction problem. Although their somewhat ab- A. Two-Variable Polynomial Formulation
stract original formulation in the framework of operator
tey has been hindering their fast dissemination into Let - h(z) - b(z)/a(z) be the original transfer
t-e eng;neering co.-rnity, the importance of this contri- function of order m.
b.:'on 'tas begun to be recognized. The relevance of ill
tc :-e -ode! reduction problem was first mentioned by (z) n(/

-

K-; [Z] in 157a, .- ile some numerical aspects of the
q..s:eo were published in 131. In (4).,[5, connections - r(X,z), r(A,z) be two two-variable polyno-
be:.etr the minimal Hankel-norm approximations and the mials of degree n In z.
0air-:e: state-speae realizations Introduced by Moore
aft :.t :tc light and shown to lead to an optimal ap- - ?(Az) - z r(rl/

-
)

pr: -a:;on algcrithm, requiring the solution of two
L~a:-°, ecuations and a singular value decomposition. - C can be any constant of unit modulus.

.7] Kung tzck a pure one-variable polynomial t
a:::a:- and proved that the optimal approximation prob- and let us consider the following equation:

.e : : educec to a simple generalized eigenvalue )b(z)r0.,z) - £ 1(z)?(,z) - r(,z)a(Z) (I)
° w.:C nen tne transfer function is available.

The above equatlon clearly defines a linear system of
•---- -9:- :'e~a1 Aprox,.ticn equations in the unknown coefficients of the polyno-mials r(Xz) and N{Xz). It can be proved 11] that its

' rcolem cf rational approximations In Hankel- minimal degree solution r(A,z), w(X,z) enjoys the fol-
-s'- , be defired as follows. Let a transfer function lowing properties. For any fixed real value of A and

with (If (Az)/Xr(Cz)1 standing for the stableorojec-
tion of w(Az)/Ar(iz) (I.e., after deleting its non-

- "esearch has teen supported by the U.S. Army Re- strictly stable part).
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"L, zI. I-)L.. I41.z .is the minimal

Mankel norm aporoximat ion of order s of h~z
and the value of the normitpesly.

8. Parametric All-Pass Rational Interpolation

The above results can be easily proved with the
noip of standard r-atrix and polynomial techniques by' a
-ere reformulation of the problem (81. Let us indeed
rewrite (l) in the following form:

Ab(z) ?C) z) r('.z)a(z) (2)
ST- 7' -7 7 7 FP.-)zT i

Let us assume the Z!ros of a(Z) to be distinct Ci22
**")for the sike of brevity. With the notatilfl

u. - b(z.I(z;!. solving (1) is clearly equivalent to
o&tain1 te minim-al decreefutim(,z.?X)I(,)
interpolating the pararetric values )Xu. at the points
2. ~. s(A,z.) - ',.u.. As a matter of fact, the
ltter4probIv~m 11an be lolved IJ.[l5 by the so-called
Nevanlinna algorth9 [91. which solves the interpolation
problem In a recursive way. As a result, the two-vari-
able polynomial rC'k.z) can be corstructed recursively
and its stability poperties irvestigated with the help
of the Nevanlinna m~atrix. class~cally associated with
the Nevanlinna algorithm M5. Fi-aily. the proof of the
minimal order and mi.wOnal Hankel-norm properties of
((,z)/.Xr0X.z)j_ is corpleted from a direct link on-
isting between the htianlinnna ratrix and the singular
values of the Nankai -at:x associated with h(z). (1).
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